This note provides a neat and enjoyable expansion and application of the magnificent Ordentlich-Cover theory of "universal portfolios." I generalize Cover's benchmark of the best constant-rebalanced portfolio (or 1-linear trading strategy) in hindsight by considering the best bilinear trading strategy determined in hindsight for the realized sequence of asset prices. A bilinear trading strategy is a mini two-period active strategy whose final capital growth factor is linear separately in each period's gross return vector for the asset market. I apply Cover's ingenious (1991) performance-weighted averaging technique to construct a universal bilinear portfolio that is guaranteed (uniformly for all possible market behavior) to compound its money at the same asymptotic rate as the best bilinear trading strategy in hindsight. Thus, the universal bilinear portfolio asymptotically dominates the original (1-linear) universal portfolio in the same technical sense that Cover's universal portfolios asymptotically dominate all constant-rebalanced portfolios and all buy-and-hold strategies. In fact, like so many Russian dolls, one can get carried away and use these ideas to construct an endless hierarchy of ever more dominant H-linear universal portfolios.
x t By t f (B)dB (1) actual portfolio choice, each contestant is permitted to make a fair randomization of his initial dollar (by exchanging it for any random capital whose mean is at most 1), the saddle point of the game amounts to each player using the log-optimal portfolio, together with fair randomizations that depend only on the criterion φ(•), and not on any particular characteristic of the underlying investment opportunities. Garivaltis (2018a) showed that the Bell-Cover theorem holds equally well for stochastic differential investment φ-games in continuous time that exhibit statedependent drift and diffusion; Garivaltis (2019a) generalized this result even further, so as to cover levered investment φ-games over continuous time markets whereby the asset prices follow jump-diffusion processes with compactly-supported jump returns.
Some recent work by Curatola (2019) investigates the strategic interaction of two large traders whose transactions affect not just each other, but also the expected returns of the entire stock market. For an illuminating discussion of competitive optimality as it relates to evolutionary contingencies in mathematical biology, consult with Tal and Tran (2019).
Cover's universal portfolio theory, which began in earnest with his empirical Bayes stock portfolio (Cover and Gluss 1986) , takes its cue from the fact that for stock markets with iid returns, the log-optimal portfolio amounts to a certain constantrebalanced portfolio (CRP); this consists in fixing the correct (growth-optimal) target percentages of wealth for each asset, and continuously executing rebalancing trades so as to counteract allocation drift. However, in the presence of model uncertainty (e.g. for actual stock markets), this particular CRP is completely unknown to the practitioner.
Inspired by the analogies with information theory, Thomas Cover had the brilliant insight that one should benchmark his on-line investment performance relative to that of the best constant-rebalanced portfolio determined in hindsight for the actual (realized) sequence of asset prices. The hindsight-optimized wealth can be interpreted as a financial derivative that is susceptible of exact pricing and replication in the (complete) continuous time market of Black and Scholes (1973) . On that score, Ordentlich and Cover (1998) priced the rebalancing option at time-0 for unlevered hindsight optimization over a single risk asset; their work sat unfinished for twenty years, until it was completed by Garivaltis (2019b) , who demonstrated how to price and replicate Cover's (levered) rebalancing option at any time t, for any number of correlated stocks in geometric Brownian motion.
In discrete time, the empirical Bayes stock portfolio (Cover and Gluss 1986), the Dirichlet-weighted universal portfolio (Cover and Ordentlich 1996) , and the minimax universal portfolio (Ordentlich and Cover 1998 ) are all notable in that they guarantee to achieve a high percentage of the final wealth of the best constant-rebalanced portfolio in hindsight, uniformly for all possible sequences of asset prices. On account of the fact that this percentage (or competitive ratio) converges to zero at a slow (polynomial) rate, the excess compound (logarithmic) growth rate of the best CRP in hindsight (over and above that of the on-line portfolio) converges uniformly to zero.
Thus, universal portfolios succeed in matching the performance of the best CRP in hindsight "to first order in the exponent."
The original universal portfolios (inspired as they were by iid stock markets) suffer from the defect that they fail to recognize and exploit even very simple types of serial dependence in the individual sequence of asset returns. For example, consider a twoasset market whereby asset 2 is cash (that pays no interest), and asset 1 is a "hot stock" whose price alternately doubles in odd periods and gets cut in half in even periods. Naturally, one should hope that his portfolio selection algorithm is capable of detecting such a trivial pattern, thereby learning to (asymptotically) double its capital every two periods. But the original universal portfolios, when applied to A. Garivaltis this particular sequence of asset prices, merely learn to use the constant-rebalanced portfolio that puts 50% of its wealth into the stock and holds the rest in cash at the start of each investment period; this generates asymptotic capital growth at a rate of log(9/8) = 11.8% every two periods, compounded continuously -a far cry from the log 2 = 69.3% that accrues to perfect trading.
One way out of this conundrum is the use the universal portfolio with side information (Cover and Ordentlich 1996) along with a "signal" that indicates, say, whether or not the current period is odd. The obvious objection here is that the efficacy of this particular signal (as opposed to any other piece of side information) will only ever become apparent in hindsight. Accordingly, this paper tackles the problem differently:
we consider an expanded parametric family of mini 2-period active trading strategies called bilinear portfolios, which explicitly generalize the constant-rebalanced portfo- We start by defining the concept of a bilinear trading strategy (or bilinear portfolio), which is a simple 2-period active strategy that generalizes the notion of a constantrebalanced portfolio (CRP). To this end, we assume that there are m assets called i, j ∈ {1, ..., m}; we let x i ≥ 0 denote the gross return 1 of a $1 investment in asset i in period 1, and similarly we let y j ≥ 0 denote the gross return of asset j in period 2.
We let x := (x 1 , ..., x m ) ∈ R b ij x i y j .
The set of all bilinear trading strategies is denoted
where 1 := (1, ..., 1) is an m × 1 vector of ones. b ij is the initial fraction of wealth that will be 1 e.g. if x i := 1.05 then asset i appreciated 5% in period 1; if x i := 0.98, then asset i lost 2% of its value in period 1, etc.
2 Bilinearity (cf. with Serge Lang 1987) refers to the fact that the capital growth factor x By is linear separately in each of the vectors x and y. When viewed jointly as a function of (x, y), the bilinear form x By is a homogeneous quadratic polynomial in the 2m variables x 1 , ..., x m , y 1 , ..., y m .
invested in asset i; in period 2, we must use the portfolio
e.g.
Proof. We start with the functional equation
e.g. the two-period growth factor is equal to the product of the individual growth factors that were achieved in periods 1 and 2. To start, we substitute y := 1 = (1, ..., 1) and x := e i = (0, ..., 0, 1
, which is the i th unit basis vector for R m .
There
b ij , as promised. Next, in the identity
we put y := e j . This leaves us with
which is the desired result. In order to be logically complete, we must substitute our expressions for p and q(x) into equation (6) so as to verify that they turn it into an identity. Here you go: and holds it for two periods, without rebalancing) amounts to a bilinear trading strategy that is represented by the diagonal matrix B := diag(c 1 , ..., c m ).
Inspired by Ordentlich and Cover (1998) and Cover and Thomas (2006), we note that the concept of a bilinear trading strategy admits the following simple and lucid interpretation. Let an extremal strategy 4 be defined by the simple trading scheme:
in period 1, we put 100% of wealth into asset i, and then in period 2, we take all the proceeds and roll them over into asset j. Hence, there are m 2 different extremal A. Garivaltis strategies (i, j) ∈ {1, ..., m} × {1, ..., m}; since the (i, j) th extremal strategy yields a capital growth factor of x i y j , it therefore amounts to to the bilinear trading strategy B := e i e j , which is an extreme point of B. The general bilinear portfolio B :
is uniquely representable as a convex combination
of extremal strategies; this means that the practitioner of B has elected to invest the fraction b ij of his initial dollar into each extremal strategy (i, j). Thus, after the elapse of two periods, the investor's total wealth will be equal to
3 Universal Bilinear Portfolios.
We now consider the on-line learning of the asymptotically dominant (or growthoptimal) bilinear portfolio. To this end, we assume that there are T basic investment periods t ∈ {1, ..., T }, each of which is divided into a "first half" (during which the gross return vector is x t ) and a "second half" (during which the gross return vector is 
if period t has only been half-completed. We will consider sequential investment strategiesB(•, •) that, at the start of each period t, select some bilinear portfoliô
m×m that is conditioned on the observed return history (x t−1 , y t−1 ); this bilinear portfolio will be used for the entire duration of period t. The capital growth factor achieved by an investment schemeB(•, •) against the history (x
and, if period t is only half-finished, we writê
Within a given period t, the on-line behavior ofB(•, •) amounts to the portfolio
In order to have a practical benchmark for the on-line performance ofB(•, •)
after the elapse of t complete investment periods, we will consider the best bilinear 5 The initial monetary deposit into B is equal to the empty product W B (x 0 , y 0 ) := $1.
trading strategy in hindsight for the individual sequence (x t , y t ):
and
The final wealth that accrues to B * (x t , y t ) is a path-dependent financial derivative, with payoff
and 
where f (•) is a continuous density function over B. That is, inspired by Thomas Cover (1991) and Cover and Ordentlich (1996) , we make the following definition.
Definition 2. The universal bilinear portfolio (that corresponds to the prior density f (•)) is a performance-weighted average of all bilinear-trading strategies:
So-defined, the matrixB(•, •) is indeed a valid bilinear portfolio, on account of the fact thatB(x t , y t ) ≥ 0 and 1 B (x t , y t )1 = 1. The initial bilinear portfolioB(x 0 , y 0 )
is equal to the center of mass
that is induced by the prior density f (•).
Proposition 3. After T complete investment periods, the universal wealthŴ (x T , y T )
is equal to the average valuê
Proof. The gross return of the universal bilinear portfolio in period t is given by
Taking the (telescopic) product of both sides of equation (23) for t := 1, ..., T , and bearing in mind that W B (x 0 , y 0 ) = 1 = B∈B f (B)dB, we arrive at the desired result: the upper contour sets
then we see that U α is a convex set for all α ∈ R. For, if α ≤ 0, then
which is convex; if α ≥ 0, then U α is convex because it is an upper contour set of the concave function x t →Ŵ (x t ) − αD(x t ).
On account of the (multi-) homogeneity of degree 0, the competitive ratio only cares about the directions of the vectors x t or y t -their lengths do not affect the relative performance of the universal bilinear portfolio. Thus, we are free to scale each x t (resp. y t ) by a factor of λ := 1/||x t || 1 (resp. 1/||y t || 1 ), so that the coordinates of x t (resp. y t ) sum to one, e.g. we may assume that each x t or y t belongs to the unit simplex ∆ m . Hence, we have the relation 
A. Garivaltis so that the competitive ratio can always be reduced by replacing any x t or y t by an appropriate unit basis vector e i * .
In what follows, we will consider sequences of unit basis vectors x T := (e i 1 , ..., e i T ) and y T := (e j 1 , ..., e j T ), where i T := (i 1 , ..., i T ) ∈ {1, ..., m} T and j T := (j 1 , ..., j T ) ∈ {1, ..., m} T . For the sake of simplicity, we will abuse notation by writing the (self-
, and D(i T , j T ). Sequences of unit basis vectors will hereby be referred to as extremal sequences, or Kelly horse race sequences, on account of the fact that they correspond to betting markets (say, horse races or prediction markets) whereby only one of the m assets has a positive gross return. For a given Kelly sequence (i T , j T ), we will require the counts, or relative frequencies
so that n ij ≥ 0 and
Lemma 2. For any Kelly sequence (i T , j T ), the final wealth of the best bilinear trading strategy in hindsight is equal to
where f := min B∈B f (B) is the minimum weight assigned to any bilinear portfolio by the prior density f (•).
Proof. Against the Kelly sequence (i T , j T ), the final wealth of the bilinear trading
Maximization of this quantity with respect to B amounts to a standard Cobb-Douglas optimization problem over the unit simplex in R m 2 + . Lagrange's multipliers yield the
over the set of bilinear trading strategies. To this end, we will identify B with the solid region 
where Γ(•) is the gamma function, we put k := m 2 and obtain
as promised.
Corollary 1.
The competitive ratio has the following (uniform) bounds, for all x T , y T :
Hence, the excess continuously-compounded per-period growth rate 11 of the best bilin-
9 This identity follows by direct evaluation of the iterated integral (34). In order to accomplish this, one must repeatedly invoke the special case k := 2, e.g. . 10 The relation ∼ signifies that the two sequences are asymptotically equivalent, e.g. a n ∼ b n means that lim n→∞ a n /b n = 1. 11 That is, per complete investment period (both halves).
That is, at worst, the excess growth rate is asymptotically equivalent to the quantity
Proof. For any Kelly sequence (i T , j T ), Lemma 1 implies that
where the right-hand side makes use of the convention that 0 0 := 1. Now, note that the integer program
is solved by setting any entry of the matrix [n ij ] m×m to T and setting all the other entries to zero, e.g. we have the well-known inequality (cf. with Cover and Ordentlich
Hence, there lies
. If it turns out that the best bilinear trading strategy in hindsight sustains a higher asymptotic capital growth rate than the best constant-rebalanced portfolio in hindsight,
A. Garivaltis where we have made use of the fact that the relations S * (xThus, we have shown that even the smallest subsequential limit of the excess growth rate (1/t) log Ŵ /Ŝ is non-negative; if the best bilinear trading strategy in hindsight happens to achieve a higher asymptotic growth rate than the best constant-rebalanced portfolio in hindsight 12 (in the sense that the smallest subsequential limit of (1/t) log (D/S * ) is strictly positive), then the universal bilinear portfolio will asymptotically outperform the universal 1-linear portfolio by an exponential factor.
Resolution of the Motivating Example.
To close out the paper, this subsection provides exact formulas for the behavior of the universal bilinear portfolio in the context of our original motivating example (as discussed in the introduction) for the case of m := 2 assets. Accordingly, we will assume that asset 2 is cash (which pays no interest) and that asset 1 is a "hot stock"
that always doubles in the first half of each investment period and then loses 50% of its value in the latter half of each investment period. Thus, we have the individual return sequence defined by x t :≡ (2, 1) and y t :≡ (1/2, 1) . As depicted by Figure 1 , the set of all bilinear trading strategies now consists in the tetrahedron 
During each (complete) investment period, the (intra-period) capital growth factor achieved by the bilinear trading strategy B amounts to
so that W B (xsequence of asset prices.
The constant-rebalanced portfolios constitute a very simple parametric family of active trading strategies, where the "activity" amounts to continuously executing rebalancing trades so as to restore the portfolio to a given target allocation. Inspired by the fact that a constant-rebalanced portfolio is a (horizon-1) trading strategy whose capital growth factor in any given period is a linear function of the market's gross return vector, we decided to consider the wider class of bilinear trading strategies (or bilinear portfolios), which are mini 2-period active strategies whose capital growth factors are linear separately in the two gross return vectors.
Accordingly, we hit upon the more powerful benchmark of the best bilinear trading strategy in hindsight for the actual sequence of asset prices. This led us to apply Thus, we showed that the universal bilinear portfolio asymptotically dominates the universal 1-linear portfolio in the same technical sense that the universal 1-linear H 1 , say H 2 := q · H 1 , then the act of repeating a given H 1 -linear portfolio B for q times in succession constitutes a special type of H 2 -linear portfolio; the universal H 2 -linear portfolio thereby asymptotically outperforms the universal H 1 -linear portfolio "to first order in the exponent,"á la Cover.
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